Abstract. In this work we propose a preliminary model to study the deformation of solid structures induced by the interaction with a two-phase flow. The study of Fluid
INTRODUCTION
In recent years Fluid Structure Interaction (FSI) problems have gained attention in the computational field because of the improvement in computer performance and an increasing interest in more realistic modeling [17, 12] . Among all the applications, these computational techniques can be employed in biomedical field where the interaction between a fluid and a solid such as the blood and the artery wall, is of great importance. In a classic FSI problem a solid structure interacts with a single phase fluid. Few works can be found in literature where Multiphase Fluid Structure problems are considered. Two-phase flows are of great interest in several physical and industrial applications. In recent years such interest inspired the development of several numerical algorithms for the efficient and accurate simulation of multiphase flows. These algorithms include efficient solvers of the incompressible Navier-Stokes equations, stable and accurate techniques for the advection and reconstruction of the fluid interface and methods for the correct computation of surface tension forces. These algorithms can be classified in two categories considering how the computational grid is handled. In the first group moving grids are used [14] . The interface between the two phases always lies over the cell boundaries, which are continuously advected by following the flow motion. This representation allows a precise modeling of the fluid property discontinuities, and also a correct location of the capillary force, which is a singular term in the Navier-Stokes equations. Despite these good properties, moving grid methods can be used only when the general motion does not affect the topology of the computational grid, since severe grid stretching brings loss of accuracy in the discretization of the Navier-Stokes equations. Furthermore, since breaking or merging of drops and bubbles are almost impossible, a continuous re-meshing of the computational domain is required.
In the second group fixed grids are used. The interface points cross the cell boundaries and a numerical algorithm is then required to reconstruct its motion in the computational domain. The fluid properties are evaluated in the interface cells as an average between the properties of each phase. The capillary force, which is physically located only on the interface, is redistributed inside the cells cut by the interface. With this representation, severe deformations of the interface can be tracked without the need for re-meshing. For these reasons fixed grid methods are widely used. Fixed-grid methods for two-phase flows can be either Eulerian or Lagrangian. Eulerian front capturing schemes include volume-of-fluid (VOF), level set and phase field methods [16] . All these methods are based on a single scalar function defined in every grid cell. The phase motion can be followed during the simulation with a good conservation of mass, however the interface and all its geometrical information are usually poorly represented, especially in regions with high curvature. Moreover, filaments are usually artificially broken when their thickness becomes comparable to the grid spacing.
Lagrangian techniques, either front-tracking schemes with surface markers or with volume particles, maintain filamentary structures better than Eulerian methods and conserve mass adequately, even without explicit volume conservation constraints [1, 9] . Both the surface markers and the volume particles are moved along the flow characteristics, resulting in a more accurate description of the interface and its geometrical properties, such as the normal vector and the curvature. This representation allows for a very accurate volume conservation and interface advection even in situations where strong deformations of the interface are present. On the other hand, these schemes can be rather expensive, as the number of markers or volume particles increases, or are associated to practical difficulties. These includes the need to keep logical connections among surface elements and the careful handling of drop breaking and merging. Fixed grid methods provide good solutions to the problem of interface advection. However the accurate representation of surface forces remains a problem since these forces are not located on the cell boundaries. The multiphase flow motion satisfies the Navier-Stokes equations, and it should be determined while taking into account the discontinuities of the fluid properties across the interface. Such discontinuities, together with high Reynolds numbers, may induce several numerical instabilities.
The coupling between a FSI and a VOF solver allows to increase dramatically the range of problems that can be studied. For example, deformation of offshore platforms or offshore wind farm due to water waves or the interaction between water and ship hulls can be simulated in a very realistic way. In order to couple the two problems many strategies can be employed, as an example, the first code output field can be written on a file and the other code can be run with this file as input and vice versa. This technique is simple and fast to implement but unfortunately it can be very slow because of the large time needed by writing and reading files. A more efficient and fast coupling can be obtained through dedicated libraries for the data exchange, like the MEDmem libraries implemented in the SALOME computational platform [2, 18] .
In this work we consider Fluid Structure Interaction problems in which the fluid part is composed of two phases [11, 6] . For the reconstruction and advection of the interface we employ a front-tracking Volume of Fluid method [19, 13] . The coupling between the two solvers is performed using the MEDmem libraries for data exchange. In the next Section the mathematical model for a Multiphase Fluid Structure Interaction problem is presented. In the last Section some numerical results are show. In this Section we introduce the mathematical model for a generic Fluid Structure Interaction problem. In an ordinary FSI problem we consider a mechanical system composed by a laminar Newtonian fluid region and a solid one which defines a moving domain Ω t . A schematic geometry of the problem is shown in Figure 1 . Let Ω 
MATHEMATICAL MODEL

FSI problemΩ
The mapping
is defined as an arbitrary extension operator over the fluid domainΩ f 0 and given bŷ
The extension operator used to evaluate the fluid region displacement is the harmonic or Laplace operator. Other similar operators can be employed as described in [15, 12, 5] . The velocityŵ f is defined byŵ
This quantity represents the velocity in terms of the reference coordinatex f 0 . The behavior of the fluid is described by the Navier-Stokes equations for incompressible flows. For details the interested reader can also see [20, 10] .
where ρ f is the constant density, v f is the fluid velocity, g is the gravity acceleration vector,Ã denotes the ALE application that maps the reference fluid configurationΩ f 0 onto the current fluid configuration Ω f t and w f denotes the fluid domain velocity. n is the unit normal vector that points outward from the boundary ∂Ω f t and g f , h f , v 0 are given data. The flow state variables in the incompressible case are the pressure p f and the velocity v f . The contribution of external forces such as gravity is assumed to be negligible. The constitutive relation for the stress tensor in the Newtonian incompressible case reads
where µ f is the dynamic viscosity of the fluid, p f the Lagrange multiplier associated to the incompressibility constraint and v f the strain rate tensor defined as
The total time derivative is related to the adopted reference systems. The governing equations for structural mechanics are the following momentum equations
where ρ s is the density of the solid material, v s is the velocity field and σ s its Cauchy stress tensor, which is a function of the solid region displacement u s . Since the constitutive law for the solid stress tensor is expressed in terms of displacements one must solve both the balance equations (7) and the kinematic relation
For the reference configuration we can introduce the right Cauchy-Green deformation tensor C as
where F is the deformation gradient tensor defined by F = I + ∇u s . In a similar way in the current configuration we can introduce the left Cauchy-Green deformation tensor, b, as
According with this notation we can now express the Cauchy stress tensor, σ s , as [20] 
where
are the first and second invariant of the right CauchyGreen strain tensor C and J its determinant. The quantity W = W (I, II, J) is the strain energy of the system which depends on the constitutive law of the considered material. For example for a Neo-Hookian material, with respect to the current configuration, the energy function is defined by
In the case of incompressible solid, the third invariant is equal to one so the energy density function becomes
and the Cauchy stress tensor is defined by
where σ s * is the tensor obtained by using the equations (11) and (13) . The problem defined by (4)- (7) is not well posed since we have not yet prescribed any boundary conditions at the interface Γ i t . The coupling between the fluid and the solid model determines the missing boundary conditions, which consist of imposing the continuity of velocity and stress at the interface Γ i t as
In order to write the weak formulation of the coupled problem, let us consider the following functional spaces
where H 1 (Ω) is the standard Sobolev space of order s with respect to the set Ω and L 2 (Ω) is the Sobolev space of order 0 containing square integrable functions over Ω. For details concerning these function spaces one may consult [8] . In addition, let us introduce the following bilinear form
where we denote with τ f the fluid viscosity tensor. The variational formulation of the fluid equations can be obtained through the usual method by multiplying the equations (4) with appropriate test functions, performing integrations on the whole domain and keeping into account the boundary and interface conditions. This procedure leads, for the velocity field v ∈ V t g and pressure p ∈ Q t , to the following fluid momentum equation
for all φ ∈ V t and q ∈ Q t . In a similar way, we define the following bilinear form
By following the procedure briefly described above, we obtain at each time t, for the velocity u s • X s ∈ M 0 g and pressure p s • X s ∈ D 0 , the following weak formulation for the solid problem
Let us introduce a global weak formulation for the fluid-structure problem. If we define the functional space
from (15), (16), (18) and (20), we can write the FSI problem in the coupled formulation as
It is worth noting that by using the coupling conditions (15), (16) and this particular choice of the fluid-structure test functions, the boundary terms that appear in the fluidsolid interface Γ i t cancel out. This assures that forces at the interface are always computed in an exact way. In this Section the mathematical model of the Multiphase Fluid Structure Interaction problem is presented. Let us consider a domain as shown in Figure 2 , where Ω marks the whole domain, Ω l is the portion of the domain occupied by the reference fluid phase and Ω g is the sub-domain with the secondary phase. The boundary between the two immiscible fluids is denoted by Γ s , and its topology can vary during the evolution of the system since each sub-domain evolves in time. The solid domain is labeled with Ω s and the interface between the fluid phases and the solid region is marked Γ i . As explained in Section 2.1 the balance equations that hold in a fluid structure interaction problem are
Multiphase problem
In order to take into account the presence of a multiphase fluid that interacts with a solid domain, we modify the first equation of (23) while the rest of the problem is treated as described in the previous Section. The momentum balance equations in the fluid domain are formally written as in single phase formulation
and the difference lies in the definition of the physical properties ρ f and µ f . If we denote with l the properties of the reference phase and with g the values associated to the secondary phase, we can define the physical properties ρ f and µ f as
where χ is the color or indicator function. This function describes the distribution of the two phases in the domain. It is equal to 1 in the reference phase and 0 in the secondary phase. We note that the function χ is discontinuous on the interface Γ s . We can define χ as
The indicator function is therefore a multidimensional Heaviside function that changes value on Γ s . We can also write that
where δ s (x) is the Dirac delta function that is discontinuous on Γ s . Under the hypotheses of immiscible fluids with no phase change, the color function behaves like a passive scalar and is purely transported by the velocity field, following the simple advection equation
The Volume of Fluid algorithm is employed to solve (34). Given an initial state of the indicator function (32) the VOF algorithm is implemented in two steps. First the interface is advected with an explicit Lagrangian advection method using the fluid velocity as computed by the FSI solver and the normal vector to the interface. Then the interface is reconstructed based on the color function gradient and on the conservation of volume constraint. In this work we use a Piecewise Linear Interface Calculation (PLIC) reconstruction scheme together with an ELVIRA method for the computation of the interface normals. For detailed information on this method the interested reader can consult [19, 13, 7, 4, 3] .
NUMERICAL RESULTS
In this Section we report some numerical results obtained by implementing the mathematical model just described in a computational platform where the dedicated solvers for the FSI and the VOF problems are coupled. Inside this platform they can exchange data in a fast and efficient way. In all the test cases the fluid is composed of two phases with different densities and a portion of the domain is a solid region that undergoes to deformations due to the fluid motion. We use standard units of measure for all the results reported.
Test 1: Dam break
In this first test case we consider the dam break problem. This is a typical benchmark for two-phase flow simulations but in this case we consider a deformable solid on which the dam fluid impacts. The initial configuration of the problem is shown in Figure 3 ) and the gravitational field, Ω l falls down into the solid container Ω s which deforms due to the interaction with both the fluid phases. The coarse computational grid, both for the FSI and VOF modules, is generated subdividing Ω into 400 cells (20 subdivision per edge) and it is shown on the left of Figure 4 . The coarse grid is then refined multiple times to allow for a proper grid resolution for the VOF solver. According to notation shown in Figure 3 , we impose a vanishing velocity field on Γ l1 ∪Γ l2 and at the boundary fluid structure interface {Γ l1 ∩Γ s1 }∪{Γ l2 ∩Γ s2 }. A homogeneous Neumann condition is imposed of the fluid region Γ l3 and on the solid boundary Γ s3 . The physical properties of the different phases of the problem are summarized in the Table on the In Figure 5 the solution overview is shown at different time step t = 0.005, 0.04, 0.08, 0.095, 0.16 and 0.2 s. In this Figure the axial displacement field is shown in the solid region (Ω s ) while in the fluid part we mark in red the interface between the primary and the primary phase and in light gray the streamlines of the fluid velocity field. We can notice that, as expected, the primary phase with higher density falls down into the solid container that is deformed due to its weight.
The transverse and axial displacements of point α (see left part of Figure 3 ) over time are shown in the left part of Figure 6 with curves A and B respectively. We can notice that the displacement field after some initial oscillations reaches a steady state configuration and it is always smaller than the characteristic length of the computational grid. In such condition the displacement field can be neglected in the projection of the velocity and the color function during the data exchange between the FSI and VOF meshes. In order to check the performance of the coupled FSI-VOF solver we can evaluate the primary phase volume by computing the color function integral
We remark that the fluid is represented with an incompressible model so because of the free divergence constraint of the velocity field the total primary phase volume k must remain constant over time. The quantity k as computed from (35) is plotted over time on the right of Figure 6 .
Test 2: Tank filling
In the second test case we consider a filling problem in which, as in the previous case, two fluid phases and a solid region are considered. The domain overview is shown in Figure  7 , in particular on the left of that Figure the The global domain Ω = Ω s ∪ Ω l ∪ Ω g is a square with a surface of 1m 2 . According to the surface labeling shown in Figure 7 , we impose a vanishing velocity field on Γ l1 ∪ Γ l2 ∪ Γ l3 ∪ Γ s1 ∪ Γ s2 . A homogeneous Neumann condition is imposed on the solid region Γ s3 . Concerning the multiphase advection problem, the color function is set to 1 in the Ω l region. The physical properties of the different materials present in the problem are the same used in the previous case and can be seen in the Table on inlet region and a steady state configuration is reached.
In Figure 8 the solution overview is shown at different time steps t = 0.005, 0.09, 0.2, 0.3, 0.4 and 2 s. In the solid region Ω s we report with colors the axial displacement field while in the fluid region Ω l ∪ Ω g we show the interface between the two phases Ω l ∩ Ω g as a red solid line. The streamlines of the fluid velocity field are reported in light gray in the same Figure. We can notice that as the heavy phase falls because of the gravitational field, more secondary phase is injected in the domain until it cover the inlet region. The axial displacement of the central point of the solid region over time is shown on the left of Figure 9 . We can notice that the displacement field shows a great oscillation due to the first contact between the secondary phase and the solid region, after this impact the average axial deformation decreases and reaches a steady negative value when the injection of the secondary phase stops. Also in this case it is worth to notice that the deformations that occurs are always smaller than the characteristic length of the computational grid.
As in the previous case, in order to check the performance of the FSI-VOF coupled modules, we can evaluate the integrated color function (35). In this case because of the inlet of the primary phase the total primary phase volume k must increase over time. The result of (35) along time is shown on the right of Figure 9 . we can notice that the value increases as the secondary phase is injected into the domain and reaches a steady value as the injection ends.
Test 3: Bending rod in two-phase flow
In this third test we consider the flow of a multiphase fluid around a solid deformable obstacle. The domain overview is shown on the left of Figure 10 . The global domain is a cube characterized by an edge of 1 m, the obstacle is placed in the center of the cube base with a square transverse section a 2 of 0.01 m 2 and a height b of 0.5 m. The physical parameters employed for this test case are reported in Figure 10 on the right. In this Table we see that the fluid and the solid have the same density, while the density ratio between the primary and secondary phase is close to the water over air ratio. The solid has been modeled as an incompressible solid and the fluids with an incompressible Newtonian model.
The boundary and initial conditions of the problem can be seen in the set of b we impose a no slip condition while in the colored surfaces of c a non homogeneous Dirichlet is set as an inlet. In that surface we impose a vanishing transverse velocity and a non-vanishing axial flows. In particular the fluid flows into the domain with a constant velocity of 1 m/s. Concerning the multiphase problem we consider a stratified flow with the primary heavy phase on the bottom and the secondary phase on top. As initial condition we consider the domain filled with the secondary phase while the boundary condition applied as inlet is visible in sub figure c of Figures 11. The yellow region is occupied by the primary phase with a height of 0.3 while in the blue region the secondary phase has a height of 0.7. During the simulation the heavy phase enters in the domain and flows on the bottom of the domain because of the gravity, following a typical stratified flow pattern.
In this test we consider the obstacle as a deformable solid rod, so the impact with the heavy phase displaces the rod with a force based on the weight and inertia of the fluid phase. One of the main interesting features of the coupled FSI-VOF solver is that the displacements of the solid can be precisely evaluated together with the stresses inside the structure. Moreover the bending of the solid has an influence on the flow field which could not be taken in consideration without the FSI solver.
In Figure 12 an overview of the solution is shown when the steady state condition is being approached. From this Figure we can see how the multiphase fluid flows into the computational domain and deforms the bending rod which is colored with the displacement in the main direction of the flow. The primary-secondary phase interface is represented with a transparent surface. In Figure 13 the solution overview is shown at different time steps: t = 0.1 s, t 2 = 2.5 s and t 3 = 5 s. From this sequence we can appreciate the evolution of the secondary phase flow together with the deformation of the bending rod. The color of the rod represents the displacement in the main flow direction. It can be seen that, due to the impact with the secondary phase, the rod bends and begins to oscillate. In Figure 14 the displacement of the central point of the top surface of the solid part in the main flow direction is reported as a function of time. The oscillating damped behavior of the rod in the main direction (x axis) can be clearly seen in this Figure. We remark that although the deformation in the top part of the rod are large, where the solid interact with the secondary phase the deformation field is still smaller then the characteristic length of the VOF grid. In such condition the displacement can be neglected in the projection of the computational fields among the different grids.
CONCLUSION
In this paper we have presented a model for the multiphase simulation of Fluid Structure Interaction problems based on a monolithic FSI approach and a Volume of Fluid method. The domain consists of a fluid and a solid region. Inside the fluid two phases are present with different physical properties. The solution of this problem is accomplished through the coupling of the FSI and VOF solvers using dedicated data exchange libraries. The results reported show that this method is capable to predict the displacements and stresses that a solid undergoes while interacting with a two phase fluid. Some improvements for future works could be to take into account the surface tension for the secondary phase and consider cases where large displacements occur where the secondary phase is present.
